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Beéam antenna theory had its beginnings with
the introduction of the HF beam-forming arrays
in the early 1920°s. Yet it is still difficult to locate
good plots of standard radiation patterns. Text-
books and manuals have tended to avoid the cost
of expensive pattern plots. Articles usually treat
limited types. In this supplement, we have collect-
ed some bhasic patterns of antenna theory and
plotted them as readable graphs from which beam
and sidelobe amplitudes can be obtained with
sufficient accuracy for most engineering purposes.

Application of the patterns

The aperture illuminations and radiation
patterns given in the supplement constitute a
selection of basic Fourier transform graphs, of
value in antenna design. The utility of the
patterns extends, however, into other fields of
science and engineering. Thus, the antenna de-
signer who designs antennas for communications,
radar, navigational aids, radio-astronomy, propa-
gation and scattering studies, and-so on, will find
his system colleagues also can use these patterns
in other “domains.” Most commonly, the electrical
signal in time replaces the aperture illumination
and the frequency spectrum replaces the antenna
pattern, so that the signals engineer works in the

“time-frequency” domain instead of the “aper-’

ture-space” domain.

Of course, antenna patterns are diffraction
patterns, so that optical and acoustic use of the
patterns is immediate. Microwave engineers who
design directional couplers, transversal filters,
inhomogeneous lines, and tubes also encounter the
basic Fourier relationship. In mechanics and
elasticity, the vibrations of sirings, membranes,
cylinders and spheres, and the oscillations of
chains and beams can be characterized by Fourier
transformations. Diffusion phenomena, whether
thermal or neutron, hydrodyramiecal flow through
apertures, surface waves, and many other phe-
nomena of physics also ean be treated by Fourier
integrals.

Several branches of mathematics make use of
Fourier transforms. Curiously, the Lambda func-
tions and transforms have not had the attention
they deserve. This supplement illustrates how
useful these mathematical fools can he to the
antenna engineer. W

Explanation of patterns

Antenna patterns of sharp beam antennas are
Fourier transforms of the aperture excitation. Tn
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the historical evolution of directive antennas, the
preferred aperture shapes have heen either rec-
tangular or circular, with elliptical falling be-
tween. In the supplement, we deal with rectangu-
lar and circular apertures; but because rectangu-
lar apertures usually have separable illuminations
in perpendicular directions, it suffices to treat
linear and circular apertures. Fortunately, these
basic shapes have a common theory because each
has only one coordinate if the circular aperture is
symmetrically illuminated. It turns out that all the
basic antenna patterns of linear or circular aper-
tures are deseribed by Lambda Functions.

A brief list of the Lambda functions is given in
Table 1. The plotted patterns of Figs. 1-20 are
particular cases of Lambda functions. Computer
print-outs of these valuable functzons are given in
Tables 2 and 3.

The graphs show the aperture illumination and
the accompanying radiation pattern for different
types of aperture illumination, old and new. In

.addition, some Fresnel-region patterns are in-

cluded; these patterns are also far-field patterns
of apertures with quadratic phase error.

The patterns plotted are field strength patterns
and are mainly normalized. The field angle, 6, is
contained in the variable # = sin /A which ex-
perience has shown is the best Fourier variable
for the purpose. Linear apertures have aperture
width @, and circular apertures diameter D, so that
the pattern variable is wau or 7Du, which the user
can write as & or 8 if he desires. He is advised not
to shorter the notation because « plays a funda-
mental role relatmg to the position of the nulls
in patterns. It is better to express the generalized
angle in #’s than in radians.

Patterns of linear and circular apertures are
plotted together on the same page, the linear on
the left side of the center axis, the circular on the
right. Beamwidths at the —3 dB level are given;
other beam widths can be obtained from the
curves. Peak sidelobe levels are marked in dB. The
defining functions of the illuminations and
patterns are given on each graphed transform
pair.

When opposite halves of a symmetrically illumi-
nated linear or circular aperture are in antiphase,
the patterns are usually described by “Lambda-
Struve” functions, an important class of odd
functions which are as naturally suited to the
antiphase illuminations as the Lambda functions
of the first kind are to the equiphase illuminations.
Some antiphase Lambda-Struve patterns are also
plotted in the accompanying figures.

Fresnel-vegion patterns of linear radiatiors and
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of circular apertures ecan be treated together by
means of the Lommel funections, Ixamples are
given for uniform illumination only due to limita-
tions of space.

A short account, of the unifying Lambda theory
of fgr—ﬁeld patterns is provided in the following
section, with a note on the unifying Lommel
theory of Fresnel region patterns.

Unified theory of apertures

The radiation pattern E,.(z) of an equiphase

linear radiator having a symmetrical illumination
function F(z) is the Fourier cosine transform of
F(x); that is .
a/3 S s
L, (uw) = 2j F(x) cos 27ux dx, (1)
1] 5
where the origin is at the center of the linear
radiator of aperture width ¢, and » =. (sing)/x,
the angle # being measured from the normal to
the aperture in a plane containing the linear
radiator.

The radiation pattern E.(z) of an equiphase
circular aperature having a circularly symmetri-
cal illumination function F(p) is the zerc-order
Fourier-Bessel or Hankel transform,

It
Tig() = 2 ["F (p) T, (2up) p dp @
0 |

where p is the radial coordinate of the circular
aperture of diameter D, and v = (sin 6)/A. The
angle 4 is measured from the normal to the circu-
lar radiator in any plane containing the normal.

The above two Fourier transforms are particu-
lar cases of the Lamhda transform

gﬁv+1 al2 -
Eu (H) = I‘(Ti-*l_),[] F(;t;) Av (2;-”“3) xzwndx.

' (2)
The Lambda function of the first kind is defined

in terms of the Bessel function of the first kind
of order v by §

. I'(v +
A, =TT o) @
and I'(v + 1) = o' (»), with I'(1/2) = V/r, is the
Gamma or factorial funetion.
The Fourier cosine transform of Eq. 1 appears
from Eq. 3 when v = —1/2, for then,
Ay (27uz) = cos 2muz (5)
and we take & = ¢ for a linear antenna.
The Hankel transform of Eq. 2 appéars when
v = (), for then,
Ao(2rrun) =J,(27ux) (6)
with e = D for a civenlar antenna.
Thus, if F'(u) is calculated hy Tq. 3, then ~
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E (u)=E._,.(u) and E (u) =Eq(u). (7)
Therefore, separate integrations for the patterns
of 2 linear aperture and of a circular aperture
with the illumination F(z) are not necessary.
Both patterns are obtained by the single integra-
tion of Eq. 8, yielding the “Lambda pattern,”
E, (u).

If the illumination is uniform, F(x) = 1, the
Lambda pattern is

ma\'t1 A, (o)
3 E, (u) = (-4—) “Te+2) " ®
"If v = —1/2, the pattern is that of a linear ra-
diator:
i o sin Tau )
By (u) = aA% (waw) = u% ©)

If v = 0, the pattern is that of a circular aperture:

aD? aD? 2J, (wDu

Bo(w) =75 &, (wDw) =T ELE00
These classical optical diffraction patterns are
plotted in Fig. 1. e

If the equiphase illumination is a member of the
inverted parabola family, linear and -circular
aperture patterns are derived from the corre-
sponding Lambda patterns. The Lambda pattern
formula is given in Table 1 and the particular
patterns are plotted and summarized in Figs. 2
and 4.

Cosine and cosine squared functions are tradi-
tionally used as illuminations for linear radiators.
The analogous illuminations for a circular aper-
ture are: (1) the Bessel function of zero order
taken to its first zero; and (2) the same function
taken to its first minimum and raised on a pedestal
to yield zero amplitude at the periphery of the
aperture. All these trigonometrical and Bessel
illuminations involve Lambda functions of order
v. A Lambda pattern then exists for the basic
cosine/Bessel pair from which many particular
patterns are obtained. Table 1 gives the general
Lambda pattern and Figs. 5-10 illustrate the re-
sulting linear and circular aperture patterns.

Both the inverted parabola and the Lambda
illuminations show low mnear-in sidelobes for
special values of the edge taper. It is of interest to
note that the illumination

(10)

P
F(p) =3 +%J, (’?.66 5)

is a low-sidelobe weighting for a circular aperture
analogous to the Hamming weighting for a linear
radiator (see Fig. 10).

Taylor, Bickmore, and Spellmire have estab-
lished the value of an integral due to Sonine in

(11)
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yielding controllable patterns of linear radiators.
A Lambda version of Sonine’s integral extends the
approach to include the circular aperture. The
resulting three parameter Lambda patterns are
given in Table 1, and include the patterns for
uniform illumination and for the parabolic family.
.Examples of particular patterns and summary
data are shown in Figs. 12-15.

If separate halves of either a linear radiator or
a circular aperture are in relative antiphase, an
antiphase Lambda pattern yields the patterns of
both types of antenna. The generalized antiphase
pattern is given by '

E?,, (u) = ‘l%% f:zF (@) AH, (27uzx) x2+1 du,

(12)
where F(z) is now an odd function on a linear
radiator, or is odd in the plane of antiphase for
a circular aperture which is symmetrically il-
luminated in intensity. The Lambda-Struve func-
tion in the integrand is defined by

_Tx+1)
AH, (2) =TGRy H (z),
where H,(z) is the Struve function.
Antiphase uniform illumination (signum «) has
a Lambda-Struve pattern

(13)

Bo(u)- (3) s el

h (v + 2) (14)
A linear aperture has then a pattern given by

v - —1/2:

T o _ 1 — cosmau

E, (uw) = aAH, (mau) = L | 15)

A circular aperture has the pattern

wD* 2H, (D)
4 zDu

These antiphase patterns and antiphase for
parabolic illuminations are plotted in Figs. 17 and
18. Note that the Struve and Lambda-Struve fune-
tions are never negative if u is positive.

Fresnel region patterns of linear, rectangular

(5]

- D2
B, (w) = " AH, (zDu) = (16)

and circular apertures are unified by means of®

Lommel funections. If the illumination is uniform,
the general Fresnel field strength pattern is given
by @
By (w, 2) =Uva(w,2) +7 Uss (0,2), (17)

' _ Tt = R, .
where w R

and -

74

w

& { a for a line source,
= D for a circular aperture,
E = range, A = wavelength,
R, = Rayleigh range = a/2),
% =qau,u = (sin §)/A.
The Lommel function is defined by

U,(w,2) =% (=)m (wfzyrsm ] (z),

m=0
- (18).

The Fresnel region pattern of a line source is
obtained by letting » = —1/2. Then,
Er(w,2) = U,.(w, wau) +5 Usp:(w, mau).  (19)
The Fresnel pattern of a circular aperture with
v=10Iis

Eo(w,z) = U(w,wDu) +j U,(w, =Du). (20)
Examples of the modulus of these patterns are
shown in Figs. 19 and 20. '

The unified Lommel approach can be extended
to tapered illuminations of linear radiators and
circular apertures. Although the Fresnel patterns
of linear radiators can be expressed in Fresnel
integrals, the use of the Lommel funections
Uy (w, 2) and Uiz (w, ) leads to more compact
expressions. e o
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Table 1. Lambda function formulas
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Figure 19

ambda Functions
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